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Introduction to Einstein-Maxwell equations and the Rainich conditions
Wytler Cordeiro dos Santos
Universidade de Brası´lia, CEP 70910-900, DF, Brasil
Abstract
The first results of Einstein-Maxwell equations established by Raincih in 1925 are therefore called the Raincih condi-
tions. Later the result was rediscovered by Misner and Wheeler in 1957 and made the basis of their geometrodynamics.
The present survey will consider didactically the curvature of spacetime attributed to an electromagnetic field with
conceptual and calculational details.
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1. Introduction
The fields, such as the electromagnetic field describe the matter content of spacetime (M, g), where M is a
connected four-dimensional manifold and g is a Lorentz metric. These fields obey equations which can be expressed
as relations between tensors on manifold M in which all derivatives with respect to position are covariant derivatives
with respect to the symmetric connection defined by the metric g. The equations governing the matter fields are such
that there exist a symmetric tensor Tµν, called the energy-momentum tensor, such that the relation between the metric
field gµν and the material contents of spacetime is expressed by Einstein’s field equation [1],
Rµν − 12gµνR + Λgµν = κTµν, (1)
Λ is cosmological constant, Rµν the contract curvature tensor (Ricci tensor), R its trace and κ = 8πGc4 is a constant
linked with the gravitational Newton’s constant. The energy-momentum symmetric tensor Tµν depends on the fields,
their covariant derivatives and the metric.
The Einstein-Maxwell equations of gravitation and electromagnetism consist of equation (1) (without cosmologi-
cal constant), with equations of motion ∇µT µν = 0, where appears in T µν the Maxwell energy-momentum tensor, and
of the generally covariant Maxwell equations [2, 3, 4, 5].
Greek labels refer to four dimensional spacetime; Latin labels refer to three dimensional space. The time coordi-
nate receives the label 0, and we use metric signature (-+++).
2. Electromagnetic Field in Minkowski Flat Spacetime
The fields on Standard Model in the description of fundamental interactions, are fields in Minkowski flat spacetime
(R4, η), the spacetime of Special Relativity. The electromagnetism is described by a vector potential Aµ = (φ, A),
where the electromagnet field is obtained from a 4-dimensional curl,
Fµν = ∂µAν − ∂νAµ. (2)
Fµν is the field-strength tensor of electromagnetism (electromagnetic field tensor). Because of antisymmetry of elec-
tromagnetic field tensor, Fµν = −Fνµ, the number of independent terms is the number of combinations
(
4
2
)
=
4!
2!2!
= 6.
The antisymmetric field-strength tensor of electromagnetism has six components in all, (Ex, Ey, Ez) and (Bx, By, Bz).
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The tensor Fµν has components (recall that Aµ = (−φ, A))
Fi0 = ∂iA0 − ∂tAi =
[
∇(−φ) − ∂A
∂t
]
i
= Ei, (3)
for i = 1, 2, 3 we have three components: (E1, E2, E3) = (Ex, Ey, Ez) = E, of electric field. The others three compo-
nents are obtained from
Fi j = ∂iA j − ∂ jAi → (∇ × A)k = Bk. (4)
For i, j, k = 1, 2, 3 we have (B1, B2, B3) = (Bx, By, Bz) = B. Consider, for example, the component F12 = ∂1A2−∂2A1 =
∂xAy − ∂yAx = Bz. The antisymmetric field-strength tensor of electromagnetism may be displayed in matrix form,
with the rows and columns corresponding to the numbers 0,1,2,3:
(Fµν) =

0 −Ex −Ey −Ez
Ex 0 Bz −By
Ey −Bz 0 Bx
Ez By −Bx 0
 . (5)
The electromagnetic field tensor with two contravariants indices is obtained below
(Fµν) = (ηµρFρσησν) =

0 Ex Ey Ez
−Ex 0 Bz −By
−Ey −Bz 0 Bx
−Ez By −Bx 0
 . (6)
The elements of (Fµν) are obtained from (Fµν) by putting E → −E.
2.1. The dual tensor of electromagnetism
In Classical Field Theory it is convenient and useful to define the dual tensor with the aid of a pseudotensor,
˜Fµν =
1
2
ǫρσµνFρσ =
1
2
ǫµνρσFρσ, (7)
where ǫρσµν is the Levi-Civita symbol in four dimensions, with ǫ0123 = −1 and totally antisymmetric with respect to
all pairs of indices. One can obtain the components of dual tensor with the following calculations:
˜F01 =
1
2
ǫ01i jF i j =
1
2
ǫ0123F23 +
1
2
ǫ0132F32
=
1
2
ǫ0123F23 +
1
2
(−ǫ0123)(−F23) = ǫ0123F23,
where ǫ0132 = −ǫ0123 (odd permutation) and F23 = −F32, that results:
˜F01 = −Bx.
Similarly for ˜F02 we have:
˜F02 =
1
2
ǫ0213F13 +
1
2
ǫ0231F31 = ǫ0213F13 = (+1)(−By) = −By
and for ˜F03 :
˜F03 =
1
2
ǫ0312F12 +
1
2
ǫ0321F21 = ǫ0312F12 = (−1)Bz = −Bz.
The others three components are:
˜F12 = ǫ1203F03 = −Ez
2
˜F13 = ǫ1302F02 = +Ey
˜F23 = ǫ2301F01 = −Ex.
Explicitly, in matrix form,
( ˜Fµν) =

0 −Bx −By −Bz
Bx 0 −Ez Ey
By Ez 0 −Ex
Bz −Ey Ex 0
 (8)
The change Fµν → ˜Fµν is obtained by putting E → B e B → −E.
The Maxwell equations are in Lorentz covariant form. Two inhomogeneous equations are contained in the covari-
ant equation
∂µFµν = − jν, (9)
where jν = (ρ, j) is the 4-current, that yields:
∇ · E = ρ and ∇ × B − ∂E
∂t
= j.
The two homogeneous Maxwell equations are obtained from dual field-strength tensor (8) as
∂µ ˜Fµν = 0, (10)
yielding
∇ · B = 0 and ∇ × E + ∂E
∂t
= 0.
Consider, for example, ν = 0,
∂i ˜F i0 = ∂1 ˜F10 + ∂2 ˜F20 + ∂3 ˜F30 = ∇ · B = 0. (11)
The equation (10), ∂µ ˜Fµν = 0, can be written in another way by contraction ǫρστν∂µ ˜Fµν = 0, that in this case it
becomes:
ǫρστν∂µ(ǫµνκλFκλ) = ǫρστνǫµνκλ∂µFκλ = 0
−(δκρδλσδµτ + δκσδλτδµρ + δκτδλρδµσ − δκτδλσδµρ − δκσδλρδµτ − δκρδλτδµσ)∂µFκλ = 0,
that reduces:
∂τFρσ + ∂ρFστ + ∂σFτρ = 0. (12)
2.2. Bivectors
Bivectors are ’antisymmetric tensors‘ of second order. A simple bivector,
Xκλ = uκvλ − uλvκ, (13)
represents a 2-surface element spanned by two tangent vectors uκ and vλ. Similarly to vectors, this surface element is
spacelike, timelike or null according as XκλXκλ is positive, negative or zero, respectively. As a result, the components
of electromagnetic field tensor, Fµν are coordinates of a bivector in Minkowski flat spacetime. Bivectors satisfy some
useful properties which follow below:
• Let us return to duality operation, and calculate a repeated application of the duality operation, ˜˜Xµν, where
X˜κλ = 12 ǫ
κλρσXρσ. gives
˜˜Xµν = 12 ǫµνκλX˜κλ = 12 ǫµνκλ · 12ǫκλρσXρσ
with the contraction of the Levi-Civita tensors, we have
˜˜Xµν = 14(−2)(δµρδνσ − δµσδνρ)Xρσ = −12(Xµν − Xνµ),
or ˜˜Xµν = −Xνµ. (14)
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• Two bivectors Xµν and Yµν satisfy the identity
X˜µνYµν =
(
1
2
ǫµνρσXρσ
)
Yµν = Xρσ
(
1
2
ǫρσµνYµν
)
= XρσY˜ρσ
or
X˜µνYµν = XµνY˜µν. (15)
• Let Xµν and Yµν bivectors such that
X˜µρY˜νρ =
1
2
ǫµρστXστ · 12 ǫ
νρφχYφχ
=
1
4
XστYφχǫµστρǫνφχρ
=
1
4
XστYφχ(−1)(δµνδσφδτχ − δµνδσχδτφ + δµχδσνδτφ − δµχδσφδτν
+δµ
φδσ
χδτ
ν − δµφδσνδτχ)
= −1
4
(δµνXστYστ − δµνXστYτσ + XντYτµ − XσνYσµ + XσνYµσ − XντYµτ)
= −1
4
(2δµνXστYστ − 4XντYµτ),
that we end up with
XνρYµρ − X˜µρY˜ν ρ = 12ηµνX
στYστ. (16)
Observe that
X˜µνY˜µν = −XµνYµν. (17)
• If we put Yµρ = X˜µ ρ in the identity (16), we can obtain other necessary identity,
XνρX˜µ ρ − X˜µρ˜˜Xν ρ = 12ηµνXστX˜στ
XνρX˜µ ρ − X˜µρ(−Xνρ) = 12ηµνX
στX˜στ
2XνρX˜µ ρ =
1
2
ηµνXστX˜στ
or
XνρX˜µ ρ =
1
4
ηµνXστX˜στ. (18)
A complex bivector can be defined by:
Xµν = Xµν + iX˜µν (19)
such that it is self-dual, i.e. it fulfills the condition:
X˜µν = 12 ǫµνρσX
ρσ
=
1
2
ǫµνρσXρσ +
i
2
ǫµνρσX˜ρσ
= X˜µν + i˜˜Xµν
= X˜µν + i(−Xµν),
putting the imaginary number in evidence
X˜µν = −i(Xµν + iX˜µν) = −iXµν. (20)
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2.3. Electromagnetic self-dual bivector
With aid of a timelike unit vector uµ, a self-dual bivector of electromagnetic field,
Fµν = Fµν + iF˜µν, (21)
is determined by the projection
Fµ = Fµνuν, (22)
where uνuν = −1. As result we have the orthogonality condition Fµuµ = Fµνuνuµ = 0. Let us write the electromagnetic
field in terms of the projection Fµ and of timelike unit vector uµ. The self-dual bivector of electromagnetic field (21)
has real part and dual imaginary part defined by
Fµν = uµFν − uνFµ + i2 ǫµνρσ(u
ρFσ − uσF ρ). (23)
The projection (22) is obtained evaluating with orthogonality condition Fµuµ = 0
Fµνuν = uµuνFν − uνuνFµ + iǫµνρσuνu ρFσ = 0 − (−1)Fµ + 0 = Fµ.
In an inertial frame in which it is at rest, the four-velocity is uµ = (1, 0, 0, 0). If we project the electromagnetic
field-strength Fµν in the direction of the vector uµ, we have
Fµνuν =

0 −Ex −Ey −Ez
Ex 0 Bz −By
Ey −Bz 0 Bx
Ez By −Bx 0


1
0
0
0
 =

0
Ex
Ey
Ez
 , (24)
where we can denote this by: Fµνuν = Eµ. Similarly we can project the dual tensor of electromagnetic field, ˜Fµν in
the direction of the vector uµ,
˜Fµνuν =

0 −Bx −By −Bz
Bx 0 −Ez Ey
By Ez 0 −Ex
Bz −Ey Ex 0


1
0
0
0
 =

0
Bx
By
Bz
 , (25)
where we can denote this by: ˜Fµνuν = Bµ. Hence we can obtain that:
Fµ = Eµ + iBµ. (26)
We can rewrite equation (23) as:
Fµν = uµ(Eν + iBν) − uν(Eµ + iBµ) + iǫµνρσu ρ(Eσ + iBσ),
where this can be separated in real and imaginary parts:
Fµν = (uµEν − uνEµ − ǫµνρσu ρBσ) + i(uµBν − uνBµ + ǫµνρσu ρEσ)
We have from (21), that Fµν with its real and imaginary parts, Fµν = Fµν + iF˜µν, yields the following terms:
Fµν = uµEν − uνEµ − ǫµνρσu ρBσ (27)
and
F˜µν = uµBν − uνBµ + ǫµνρσu ρEσ. (28)
The projections
Eµ = Fµνuν = (0, Ex, Ey, Ez) (29)
and
Bµ = F˜µνuν = (0, Bx, By, Bz), (30)
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respectively denote the electric and magnetic parts of the electromagnetic field tensor Fµν.
As has been previously defined Fµν from (21), one can put inhomogeneous and homogeneous Maxwell equations
as follows:
∂µF µν = − jν. (31)
In fact, in the inertial frame in which it is at rest, the vectors Eµ and Bµ from (24) and (25) respectively, are spatial
3-vectors, where we can put
F = E + iB, (32)
Thus, we can use above complex 3-vector to put the four Maxwell equations into other form as follows:
∇ · F = ρ ⇒
∇ · E = ρ∇ · B = 0 (33)
and
− i∇ × F − ∂F
∂t
= j ⇒
∇ × B −
∂E
∂t = j
∇ × E + ∂B
∂t = 0
. (34)
2.4. Lorentz transformations and invariants
The laws of Physics in the Minkowski spacetime are invariant under Lorentz transformations, that are linear and
performing transformations between the coordinates of an inertial frame O and other inertial frame O′. Thus the
transformation between two inertial coordinate system for 4-vectors is given by:
U ′µ = ΛµνUν. (35)
The magnitude of a vector in the Minkowski spacetime is a frame-independent scalar number under Lorentz transfor-
mation:
U ′2 = U ′µU ′µ = (ΛµρUρ)(ΛµσUσ) = UρδρσUσ = UρUρ = U2. (36)
Since the fields E and B are the elements of the electromagnetic filed tensor Fµν, their values in one inertial frame
O can be expressed in another inertial frame O′ according to
F′µν = ΛµρΛνσFρσ. (37)
In the same way the contraction FµνFµν is a frame-independent scalar number under Lorentz transformation. We can
see that the self-dual bivector of electromagnetic field is invariant,
F ′µνF ′µν = (ΛµρΛνσFρσ)(ΛκµΛλνFκλ) = δκρδλσFρσFκλ = FρσF ρσ
and from (21) it follows that
FµνF µν = (Fµν + iF˜µν)(Fµν + iF˜µν) = FµνFµν + iFµνF˜µν + iF˜µνFµν − F˜µνF˜µν,
where we can use (15) and (17) to obtain
FµνF µν = 2FµνFµν + 2iFµνF˜µν. (38)
The above expression yields two Lorentz invariants I1 and I2 as follow:
• I1 = 12 FµνF
µν
A simplified expression for this Lorentz invariant can be obtained from (27),
FµνFµν = (uµEν − uνEµ − ǫµνρσuρBσ)(uµEν − uνEµ − ǫµνκλuκBλ)
= uµu
µEνEν − uµEνuνEµ − ǫµνκλuµuκBλEν − uνEµuµEν + uνuνEµEµ
+ǫµνκλuνuκBλEµ − ǫµνρσuµuρBσEν + ǫµνρσuνuρBσEµ + ǫµνρσǫµνκλuρBσuκBλ,
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where we have that uµEµ = 0, ǫµνρσuµuρ = 0 and uµuµ = −1 such as
FµνFµν = −EνEν − EµEµ − 2(δρκδσλ − δρλδσκ)uκBλuρBσ
= −2EµEµ − 2(−BσBσ),
that in terms of (29) and (30) we have that the Lorentz invariant is given by in terms of 3-vectors E and B:
FµνFµν = −2|E|2 + 2|B|2 (39)
or
I1 =
1
2
FµνFµν = |B|2 − |E|2. (40)
• I2 = 12 FµνF˜
µν
Similarly, from (27) and (28) and in terms of 3-vectors E e B, we have:
FµνF˜µν = −4E · B (41)
or
I2 =
1
2
F˜µνFµν = −2E · B. (42)
In Minkowski space field theory, the spin of a field can be classified according to the field’s properties under
infinitesimal Lorentz transformations. A vector potential Aµ transforms from Lorentz frame system O to other O′ in
accordance with (35). Under infinitesimal Lorentz transformation we have [6, 7]:
A′µ =
{
δµν +
i
2ω
ρσ
[
Σρσ
]µ
ν
}
Aν, (43)
where the antisymmetric tensor, ω ρσ = −ωσρ, are infinitesimal parameters, and the Σρσ are Hermitian generators, that
satisfy a Lie algebra
i[Σκλ,Σµν] = ηµλΣκν − ηµκΣλν + ηνλΣµκ − ηνκΣµλ. (44)
These generators can be identified with the group S O(1, 3) of Lorentz transformations. The generators of vector field
are given by:
Σρσ → [Σρσ]µν = i
(
ηρνδσ
µ − ησνδρµ
)
. (45)
In Field Theory, the vector potential Aµ that describes the electromagnetic field, can be classified with an irreducible
representation of the Lorentz Group, S O(1, 3), where this vector field is massless and spin 1.
For vector field, the infinitesimal Lorentz transformations results in:
A′µ = Aν + ωµνAν. (46)
For a general Lorentz transformation from inertial systemO to a systemO′ moving with 3-vector velocity v relative
to O, the transformation of the fields E and B can be written [8]
E′ = γ (E + v × B) − γ
2
γ + 1
v (v · E)
B′ = γ (B − v × E) − γ
2
γ + 1
v (v · B) , (47)
where these transformations show that E and B have no independent existence. If we choose an inertial system O′
which the 3-vector velocity v relative to O is perpendicular to the plane surface that contains the 3-vectors electric and
magnetic induction, we must have v · E = v · B = 0. Also, we can use the common and alternative parametrization:
γ = coshφ
vγ = vˆ sinhφ
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v = vˆ tanhφ where vˆ = v|v| , (48)
to rewrite the Lorentz transformations (47) as follow:
E′ = E cosh φ + vˆ × B sinhφ
iB′ = iB cosh φ − ivˆ × E sinh φ. (49)
From the definition (32) we can obtain from above two equations the following equation:
F′ = F coshφ − ivˆ × F sinhφ. (50)
We have seen that the magnitude of a 4-vector is an invariant under Lorentz transformation (36),
FµFµ = 0 − F · F = −F · F. (51)
It is straightforward to show that F′ · F′ = F · F, where we have
− |E′|2 + |B′|2 − i2E′ · B′ = −|E|2 + |B|2 − i2E · B. (52)
It is a complex relation where a real part −|E|2 + |B|2 = I1 is the invariant under Lorentz transformation which was
seen in (40). And similarly the imaginary part −2E · B = I2 also is invariant under Lorentz transformation [9], in
agreement with (42).
From the invariant relations (51) and (52) we can state that:
1. if in an inertial frameO we have E ⊥ B, where the imaginary part of F ·F is vanished, then in any inertial frame
O′ the electric field and magnetic induction field will be also perpendicular vectors, E′ ⊥ B′;
2. if in an inertial frame O we have |E| = |B|, where the real part of F · F is vanished, then in any inertial frame O′
the magnitude of the electric field is equal to magnitude of the magnetic induction field, |E′| = |B′|;
3. if in an inertial frame O we have |E| < |B| (or |B| < |E|), then in any inertial frame O′ we have also |E′| < |B′|
(or |B′| < |E′|);
4. if in an inertial frame O the angle between E and B is acute angle (or obtuse angle), then in any inertial frame
O′ the angle between electric field E′ and magnetic induction field B′ is also acute angle (or obtuse angle);
5. if in an inertial frame O we have E = 0 (or B = 0), then in any inertial frame O′ we have E′ ⊥ B′
6. if in an inertial frame O the imaginary part of F · F is vanished, E · B = 0 such that E = 0 but B , 0 the
electromagnetic field is purely magnetic, or B = 0 but E , 0, the electromagnet field is purely electric, then in
any inertial frame O′ we have |E′|2 − |B′|2 < 0, the electromagnetic field is purely magnetic, or |E′|2 − |B′|2 > 0,
the electromagnetic field is purely electric;
7. if in an inertial frameOwe have the invariant F·F = 0, where −|E|2+ |B|2 = 0 and E·B = 0 , the electromagnetic
field is said to be null or singular and consequently the electromagnetic field will be null in any inertial frame
O′.
Now there is an important result associated with vector product between complex vector F with its complex
conjugate F∗. From equation (32), we have
F × F∗ = (E + iB) × (E − iB) = −iE × B + iB × E = −i2E × B. (53)
The relation between two inertial frames results in
F′ × F′∗ = (F coshφ − ivˆ × F sinh φ) × (F∗ coshφ + ivˆ × F∗ sinhφ)
or
− i2E′ × B′ = F × F∗ cosh2 φ + [F × (vˆ × F∗) − (vˆ × F) × F∗]i sinhφ coshφ + (vˆ × F) × (vˆ × F∗) sinh2 φ.
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Again, if we choose an inertial system O which the 3-vector velocity v relative to O′ is perpendicular to the plane
surface that contains the 3-vectors electric and magnetic induction, we must have vˆ ⊥ F in inertial frame O such as
− i2E′ × B′ = F × F∗(cosh2 φ + sinh2 φ) + i2 sinhφ coshφ(F · F∗)vˆ,
with F · F∗ = |E|2 + |B|2, it results in
− i2E′ × B′ = −i2E × B cosh(2φ) + i(|E|2 + |B|2)vˆ sinh(2φ),
or
2E′ × B′ = 2E × B cosh(2φ) − (|E|2 + |B|2)vˆ sinh(2φ). (54)
Let us consider an inertial frame O′, where the complex vector of electrodynamic field F and a unit complex vector nˆ
are parallel to each other, i.e.,
F′ = (|E′| + i|B′|)nˆ, (55)
hence nˆ is given by:
nˆ = coshϑ eˆ1 + i sinhϑ eˆ2. (56)
Then, the Lorentz invariant F′ · F′ is:
F′ · F′ = |E′|2 − |B′|2 + 2i|E′||B′|, (57)
The imaginary part of above equation (2|E′||B′| = 2E′ · B′) shows that E′ × B′ = 0. Thus, we can choose a Lorentz
frame of reference O′ in which E′ and B′ are parallel and therefore we obtain for other Lorentz frame of reference O
in which from (54) we find that:
2E × B
|E|2 + |B|2 = tanh(2φ)vˆ. (58)
It is worth noting that if we use Lorentz transformations (47), where E′ is parallel to B′, v ⊥ E′ and v ⊥ B′ we have:
E′ × B′ = γ2 (E + v × B) × (B − v × E) = 0
that results in:
E × B
|E|2 + |B|2 =
v
1 + v2
. (59)
In this Lorentz frame O we have that
tanh(2φ) = 2v
1 + v2
.
For the electromagnetic plane wave in vacuum, the ratio between Poynting vector S and density of energy u results
in:
2E × B
|E|2 + |B|2 = c vˆ, (60)
while for a superposition of plane waves going in different directions the ratio is less than speed of the light.
The same field examined by an observer in Lorentz frame O′ moving with velocity v with respect to the frame of
reference O, previously used, being v as established in equation (48):
v = tanhφ vˆ,
perpendicular to the direction of both vectors: electric E and magnetic B in the frame O, in the Lorentz frame O′ the
Poynting flux is zero. The electric E′ and magnetic B′ must be parallel.
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2.5. Duality Rotation
Let f be a complex electromagnetic vector defined by
f = e + ib. (61)
We can consider that this complex electromagnetic vector is a result from a complex rotation of vector F = E + iB,
f = F e−iα, (62)
such that,
e + ib = (E cosα + B sinα) + i(−E sinα + B cosα) (63)
so that,
e = E cosα + B sinα
b = −E sinα + B cosα. (64)
We can choose the condition where e ⊥ b, such that:
(−|E|2 + |B|2) sinα cosα + E · B(cos2 α − sin2 α) = 0
(−|E|2 + |B|2) sin(2α)
2
+ E · B cos(2α) = 0,
it follows that:
tan(2α) = 2E · B|E|2 − |B|2 . (65)
From (29) and (30), where Eµ = Fµνuν e Bµ = F˜µνuν, we can arrive at a conclusion that the complex electromagnetic
vector f also is a result of a contraction of a 4-velocity uν with a self-dual bivector,
f → fµ = fµνuν + i f˜µνuν = eµ + ibµ, (66)
such as
e → eµ = fµνuν and b → bµ = f˜µνuν. (67)
It follows from above assumptions and (62) that we have the resulting transformation or duality rotation:
fµν + i f˜µν =
(
Fµν + iF˜µν
)
e−iα = Fµνe−iα (68)
or
fµν = Fµν cosα + F˜µν sinα
f˜µν = −Fµν sinα + F˜µν cosα (69)
at each point of spacetime.
If we evaluate the contraction fµν f˜ µν as follows,
fµν f˜ µν = −FµνFµν sinα cosα + F˜µνF˜µν sinα cosα + FµνF˜µν cos2 α − F˜µνFµν sin2 α
= −FµνFµν sin (2α) + FµνF˜µν cos (2α)
with equations (40) and (42) results in
fµν f˜ µν = −2(|B|2 − |E|2) sin (2α) − 4E · B cos (2α),
we can obtain (65) if we impose the below condition:
fµν f˜ µν = 0 (extremal field). (70)
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Then, if we consider an angle α in a duality rotation such that the equations (65) and (70) are satisfied, we have a
coordinate system where e ⊥ b. In accordance with item 5 of invariant relations (51) and (52), if we have e ⊥ b,
then at any point in spacetime with Minkowski metric, we can make a Lorentz transformation such that for a general
(non-null) field at that point, b′ = 0 and e′ is parallel to the x−axis, therefore in this Lorentz system of coordinates we
have f ′µν f ′µν = −|e′| < 0, then the electromagnetic field is purely electric.
The inverse transformations are:
Fµν = fµν cosα − f˜µν sinα
F˜µν = fµν sinα + f˜µν cosα. (71)
From these transformations with extremal field condition (70), we can obtain:
FµνFµν = fµν f µν cos(2α)
and
F˜µνFµν = fµν f µν sin(2α),
such as
(FµνFµν)2 + (F˜µνFµν)2 = ( fµν f µν)2
and so, we get the following:
( fµν f µν) = −
√
(FµνFµν)2 + (F˜µνFµν)2 (72)
where fµν demands the minus sign because it is the pure electric field along the x-axis.
The above transformation from fµν to Fµν in accordance with (62), was discussed by Rainich in 1925 and was
called a duality rotation by Misner and Wheeler in 1957. Misner and Wheeler called the field fµν with the properties
fµν f˜ µν = 0 an extremal field. The actual electromagnetic field Fµν at a point can be obtained from the extremal field
by a duality rotation through the angle α, where α is called the ‘complexion’ of electromagnetic field at the point.
2.6. Classical Field Theory of Electromagnetism
In Classical Field Theory it is convenient and useful for many purpose to have Lagrangian formulation of Field
Theory which plays such a central role in the contemporary understanding of interactions and symmetries. The notion
of a Lagrangian formulation of Field Theory is closely analogous to that of a Lagrangian formulation in Classical
Mechanics. The action S of any field on Classical Field Theory is given by
S =
∫
d4xL, (73)
where L is called a Lagrangian density.
The electromagnetic field equations in Minkowski spacetime (9) are derivable from a Lagrangian, which may be
expressed in terms of the Lorentz covariant vector potential Aµ:
L = −1
4
FρσFρσ − jρAρ. (74)
The principle of least action states that the equation of motion is the one for which action S is a minimum, yields then
the Euler-Lagrange equations
∂L
∂Aµ
− ∂ρ
(
∂L
∂(∂ρAµ)
)
= 0. (75)
It is a way of deriving inhomogeneous Maxwell equations. For each component Aµ give
∂ρFρµ = − jµ.
The Noether Theorem states that for every symmetry of the action of a field there exist a corresponding conserved
quantity. In particular, if an action is invariant under a spacetime translation, characterized by a coordinate transfor-
mation of the form xµ → xµ + aµ in which the vector aµ does not depend on spacetime position, then one can define
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the ‘canonical Noether energy-momentum tensor’. Using the Lagrangian formulation of field theory, the canonical
Noether energy-momentum tensor for Lagrangian of electromagnetic field is found to be
tµν =
(
− ∂L
∂(∂µAρ)
)
∂νAρ + δµνL. (76)
The Noether theorem yields the energy-momentum tensor for electromagnetic field free of sources, jµ = 0,
tµν = Fµρ∂νAρ − 14ηµνFρσF
ρσ. (77)
However, the canonical Noether energy-momentum tensor of the electromagnetic field is asymmetric and not U(1)-
gauge invariant and one has to fix it by means of the Belinfante-Rosenfeld procedure [6, 7]:
Tµν = tµν − i2∂
λ
(
S µνλ + S λµν − S νλµ
)
, (78)
where S µνλ is the contribution of the intrinsic (spin) angular momentum tensor, given by:
S µνλ =
∂L
∂(∂µAρ) [Σνλ]
ρ
σAσ, (79)
and [Σνλ]ρσ are Hermitian generators of the group S O(1, 3) of Lorentz transformation (45) applied to vector potential
Aµ massless and spin 1.
Then, we can calculate S µνλ, for Lagrangian of electromagnetic field free of sources, L = −14 FτσF
τσ
,
S µνλ = −
1
2
Fτσ
(
δµ
τδρ
σ − δµσδρτ
)
[Σνλ]ρσAσ
= −1
2
(Fµρ − Fρµ)i (δλρηνσ − δνρηλσ) Aσ
= −iFµρ (δλρAν − δνρAλ)
= −i
(
FµλAν − FµνAλ
)
.
Therefore,
S µνλ + S λµν − S νλµ = −2iFµλAν.
For electromagnetic field free of sources, ∂λFµλ = 0, we obtain,
∂λ
(
S µνλ + S λµν − S νλµ
)
= −2iFµλ∂λAν.
We can put the above result in the equation of Belinfante-Rosenfeld tensor (78) such as:
Tµν = tµν − i2
(
−2iFµλ∂λAν
)
,
that results in,
Tµν = Fµρ∂νAρ −
1
4
ηµνFρσFρσ − Fµρ∂ ρAν
= Fµρ (∂νAρ − ∂ ρAν) − 14ηµνFρσF
ρσ,
now, the energy-momentum tensor is symmetric and U(1)-gauge invariant:
Tµν = FµρFνρ − 14ηµνFρσF
ρσ. (80)
In Special Relativity and General Relativity, the fields are described by energy-momentum tensor Tµν, and it satisfies
the conservation law:
∂µTµν = 0, (81)
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it means that energy and momentum are conserved quantities.
We can arrange the components of energy-momentum tensor of electromagnetism into a symmetric matrix. We
can calculate the first term of Tµν from above equation, FµρFνρ, where we can use FµρFνρ = −FµρFρν to facilitate our
matrix calculations:
(FµρFρν) =

0 −Ex −Ey −Ez
Ex 0 Bz −By
Ey −Bz 0 Bx
Ez By −Bx 0
 ·

0 Ex Ey Ez
Ex 0 Bz −By
Ey −Bz 0 Bx
Ez By −Bx 0
 ,
it reduces to
(FµρFνρ) = −(FµρFρν) = −

−|E|2 BzEy − ByEz BxEz − BzEx ByEx − BxEy
BzEy − ByEz E2x − B2y − B2z ExEy + BxBy ExEz + BxBz
BxEz − BzEx ExEy + BxBy E2y − B2x − B2z EyEz + ByBz
ByEx − BxEy ExEz + BxBz EyEz + ByBz E2z − B2x − B2y

.
Now, recall that 14ηµνFρσF
ρσ
=
1
2ηµν(|B|2 − |E|2). And so, from (80) it leads to matrix of energy-momentum tensor:
(Tµν) =

1
2 (|E|2 + |B|2) −(E × B)x −(E × B)y −(E × B)z
−(E × B)x 12 (|E|2 + |B|2) − E2x − B2x −ExEy − BxBy −ExEz − BxBz
−(E × B)y −ExEy − BxBy 12 (|E|2 + |B|2) − E2y − B2y −EyEz − ByBz
−(E × B)z −ExEz − BxBz −EyEz − ByBz 12 (|E|2 + |B|2) − E2z − B2z

.
Let us describe each type of component from Tµν
• the time-time component represents energy density, T00 = 12 (|E|2 + |B|2);
• the time-space components represent the energy flow. For example: T01 = −(E×B)x is x component of Poynting
vector;
• the space-time components represent the momentum density (that is proportional to the Poynting flux [8]). For
example: T10 = −(E × B)x is the momentum density in the x direction;
• the spatial components represent stress. For example, T11 = σxx is the force exerted in x direction, per unit area
normal to x, by electromagnetic field, it is pressure. The component T12 = σxy = −ExEy − BxBy is the force
exerted in x direction, per unit area normal to y, by electromagnetic field, it is shear.
The purely spatial components Ti j of energy-momentum of electromagnetic field is the definition of the Maxwell
stress tensor σi j defined by [8]:
σi j =
1
2
δi j
(
|E|2 + |B|2
)
− EiE j − BiB j. (82)
We can simplify the energy-momentum of electromagnetic field as:
(Tµν) =
( 1
2 (|E|2 + |B|2) −(E × B)
−(E × B) σi j
)
. (83)
Under Lorentz transformations (47), the complex electromagnetic vector F = E + iB transforms in accordance
with (50), since we can choose a Lorentz frame of reference where we have v ⊥ E and v ⊥ B. Then, if we choose the
complex electromagnetic vector from (55), such as,
F′ = (|E′| + i|B′|)xˆ in an inertial frame O′,
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where we have E′ ‖ B′ or in other words we have:
E′ = E′x xˆ and B′ = B′x xˆ,
therefore, we have E′y = E′z = B′y = B′z = 0. Now, in this inertial frame O′ we obtain the below matrix of energy-
momentum tensor of electromagnetic field:
(T ′µν) =

1
2 (|E′|2 + |B′|2) 0 0 0
0 12 (|E′|2 + |B′|2) − E′x2 − B′x2 0 0
0 0 12 (|E′|2 + |B′|2) 0
0 0 0 12 (|E′|2 + |B′|2)

or more explicitly,
(T ′µν) =
1
2
(|E′|2 + |B′|2)

−1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1
 . (84)
This energy-momentum tensor has two important properties: (i) its trace is zero and (ii) its square is multiple of the
unit matrix. In this case, it is convenient to see the square T ′µρT ′ρν:
T ′µρT
′ρν
=
1
4
(
|E′|2 + |B′|2
)2
δµ
ν, (85)
therefore, we can write: (
|E′|2 + |B′|2
)2
=
(
|E′|2 − |B′|2
)2
+ 4 (|E′||B′|)2 .
We have affirmed that E′ ‖ B′, such as |E′||B′| = E′ · B′. Thus, the above equation results in(
|E′|2 + |B′|2
)2
=
(
|B′|2 − |E′|2
)2
+ (2E′ · B′)2.
We recall the Lorentz invariants from (40) and (42), where we have:
I1 =
1
2
F ′µνF
′µν
= |B′|2 − |E′|2 and I2 = 12 F
′
µν
˜F ′µν = −2E′ · B′.
Now, we obtain that (
|E′|2 + |B′|2
)2
= I21 + I
2
2 . (86)
Finally, we can rewrite the square of energy-momentum tensor in an Lorentz reference system O′ as
T ′µρT
′ρν
=
1
4
(
I21 + I
2
2
)
δµ
ν. (87)
The above equation says that the square of the energy-momentum tensor is invariant to change of coordinate system.
It hold whether the energy-momentum tensor of electromagnetic field is diagonal or not.
Again, if both electromagnetic invariants I1 and I2 vanish, where we have |E| = |B| and E ⊥ B respectively, the
electromagnetic field is said to be null (or singular). For the situation where I21 + I22 , 0, the electromagnetic field is
called the general case.
From equation (87), we have that:
T ′µρT
′µρ
= I21 + I
2
2 ,
such that the equation (87) can be rewritten as:
T ′µρT
′ρν
=
1
4
δµ
ν
(
T ′κλT
′κλ) . (88)
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With (86) it is possible to find a Minkowski system frame, in the general case, that puts the tensor Tµν from (84) into
the diagonal form:
(Tµν) = 12
√
I21 + I
2
2

−1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1
 . (89)
We choose the positive root of |E′|2 + |B′|2 that Tµνuµuν ≥ 0 be obeyed (where uµuµ = −1).
3. Electromagnetic Field in Curved Spacetime
In the words of the Robert M.Wald [10]: the laws of Physics in General Relativity are governed by two basic
principles: (1) the principle of general covariance, which states that the metric, gµν, and quantities derivable from it
are the only spacetime quantities that can appear in the equations of physics; (2) the requirement that the equations
must reduce to the equations satisfied in Special Relativity in the case where gµν → ηµν is flat.
Since one can identify spacetime curvature with gravitation, one can link a physical interaction with gravitation by
replace everywhere the metric ηµν of Special Relativity by gµν of curved spacetime. Moreover, change all derivatives
from ordinary derivatives to covariant ones. It is a version of principle of equivalence that tells us how to write the
equations of any physical field interaction in a generally covariant form. One can use Special Relativity to write down
the field equations in the locally inertial frame and change ∂µ by ∇µ, allowing to write the field equations in curved
spacetime. Such a link of a physical interaction with gravitation is called minimal coupling. We are now able to use
it to rewrite the electromagnetic field (2) in the covariant language of curved spacetime:
Fµν = ∇µAν − ∇νAµ. (90)
Because of symmetries of the Christoffel symbols, (90) reduces (2), however.
The Maxwell source equations (9) change likewise:
∇µFµν = − jν. (91)
In any arbitrary coordinates system, the invariant volume element is dv = √−gd4x, where g is the determinant of
the metric tensor gµν in that coordinate system. It is therefore convenient to rewrite the action (73) for electromagnetic
field in curved space in the form
S =
∫
d4x
√−g
{
−1
4
FµνFρσgµρgνσ − jρAρ
}
, (92)
or
S =
∫
d4xL,
where the field Lagrangian for electromagnetic is
L = √−g
{
−1
4
FµνFρσgµρgνσ − jρAρ
}
. (93)
Demanding stationarity of the action, δS = 0, one obtain the Euler-Lagrange equations for curved spacetime,
∂L
∂Aν
− ∇µ
(
∂L
∂(∇µAν)
)
= 0, (94)
that yields the covariant Maxwell source equation (91).
To bring the energy-momentum tensor of electromagnetic field which determines the curvature of spacetime, it
is necessary to regard that the dynamical content of General Relativity is fully expressed by Einstein’s field equation
(1). In a classical context, it is convenient and useful for many purposes to have Lagrangian formulations of General
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Relativity. The Einstein-Hilbert action indeed yields the Einstein’s field equation under the variation with respect to
the metric. The corresponding Einstein-Hilbert action for vacuum Einstein equation is
S EH =
∫
d4x
√−g R, (95)
where the Lagrangian of Einstein-Hilbert is given by
LEH =
√−g R, (96)
and where R is the trace of Ricci tensor. To obtain the coupled gravitational field with matter field, one construct a
total Lagrangian, by adding together the Einstein-Hilbert Lagrangian LEH with the Lagrangian LM , for the matter
field, L = LEH + LM , such that for action one have,
S =
∫
d4x
{
1
2κ
LEH +LM
}
. (97)
Since the Einstein-Hilbert Lagrangian LEH does not depend on the matter field, variation of the total action S , with
respect to metric gµν yields the equation,
Rµν − 12 gµνR = κTµν, (98)
where the tensor Tµν is given by
Tµν =
2√−g
δLM
δgµν
. (99)
It is the ‘metric Hilbert energy-momentum’ which is symmetric by definition and it is the quantity which naturally
appears on the right-hand side of Einstein’s equation (98) in a Lagrangian formulation of Einstein-matter field equa-
tions.
The metric Hilbert energy-momentum for the source-free electromagnetic field such a Lagrangian given by
LM = −14 FκλFρσg
κρgλσ
√−g = −1
4
F2
√−g,
where F2 = FκλFρσgκρgλσ, one find with following calculations
T µν =
2√−g
δ
δgµν
(
−1
4
FκλFρσgκρgλσ
√−g
)
,
T µν =
2√−g
1
δgµν
[
−1
4
(2δgκρ)gλσFκλFρσ
√−g − F
2
4
δ
√−g
]
,
under the variation δ√−g = −
√−g
2 gκλδg
κλ
, one continue the calculations,
T µν =
2√−g
1
δgµν
[
−1
2
FκσFρσ
√−g δgκρ − F
2
4
√−g
2
(−gκλδgκλ)
]
=
[
−FκσFρσ + F
2
4
gκρ
]
δgκρ
δgµν
=
[
−FκσFρσ + F
2
4
gκρ
]
(−gκµgρν)
= FµσFνσ − gµν
1
4
FρσFρσ,
it follows that in covariant form, the energy-momentum tensor for source-free electromagnetic field is
Tµν = FµσFνσ − gµν 14 FρσF
ρσ. (100)
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In Classical Field Theory, for every symmetry of the action there exist a corresponding conserved quantity, if an action
is invariant under a spacetime translation, then one can define a canonical Noether energy-momentum tensor (76),
that is neither gauge invariant nor symmetric, but by the Belinfante-Rosenfeld procedure one can fix these drawbacks
obtaining the symmetric energy-momentum tensor (80) in Minkowski flat spacetime. Since the basic framework of
General Relativity modifies that of Special Relativity only in that it allows the manifold to differ from R4 and the
metric to be nonflat, one may represent the energy-momentum tensor (80) of Special Relativity by metric Hilbert
energy-momentum tensor of General Relativity (100), by replace ηµν by gµν and replace the derivative operator ∂µ
associated with ηµν by the derivative operator ∇µ associated with gµν.
3.1. Conserved Electric Current
The electric current jµ is conserved in curved spacetime. This statement is verified by following commutator of
the covariant derivative operators:
[∇ρ,∇σ]Tµν = (∇ρ∇σ − ∇σ∇ρ)Tµν = RρσµκTκν + RρσνκTµκ, (101)
that for the contraction with antisymmetric tensor of electromagnetism Fµν, we obtain
(∇µ∇ν − ∇ν∇µ)Fµν = RµνµκFκν + RµννκFµκ = RµνµκFκν − RνµνκFµκ = RνκFκν − RµκFµκ = −2RµνFµν,
where the symmetric Ricci tensor contracted with the antisymmetric Maxwell tensor results in zero and consequently
we have
∇µ∇νFµν − ∇ν∇µFµν = 0,
that with the Maxwell source equation (91), it results in
∇µ jµ − ∇ν(− jν) = 2∇µ jµ = 0.
As shown in the above calculation, the Maxwell source equations in the presence of gravity, also have the prescription
of conserved electric charge ∇µ jµ = 0, just as they do in Special Relativity Theory.
3.2. Maxwell’s Equations in the Lorentz Gauge
In curved spacetime, the Maxwell’s equations for vector potential Aν in Lorentz gauge, are obtained as follows
∇µFµν = ∇µ(∇µAν − ∇νAµ) = − jν,
or
✷Aν − ∇µ∇νAµ = − jν.
Hence, the covariant derivative are noncommutative operators, from identity:
(∇µ∇ν − ∇ν∇µ)Aρ = RµνρσAσ, (102)
it is worth noting that if we contract above equation over µ and ρ, we find
(∇µ∇ν − ∇ν∇µ)Aµ = RµνµσAσ = RνσAσ,
which gives
∇µ∇νAµ = ∇ν∇µAµ + RνσAσ.
Substituting above equation into Maxwell’s equations (102), we obtain
✷Aν − ∇ν∇µAµ − RνσAσ = − jν.
A vector potential Aν satisfying the Lorentz gauge condition ∇µAµ = 0, reduces the above equation to the final form
✷Aν − RνσAσ = − jν. (103)
Above equation for vector potential Aν contains an explicit term of curvature.
Although the electrodynamic equations are all obtained from Special Relativity by rule ηµν → gµν and ∂µ → ∇µ,
the wave equation (103) for the vector potential is not. Nevertheless when spacetime is flat, Rνσ = 0, the wave
equation (103) does reduce to the usual wave equation of Special Relativity.
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4. Einstein-Maxwell equations and the Rainich conditions
In General Relativity, the energy-momentum tensor Tµν acts as the source of the gravitational field. It is related
to the curvature of spacetime via the Einstein equation (98). When we have the field equations of General Relativity
with energy-momentum tensor of the electromagnetic field as the only source term, we can call this combination:
‘Einstein-Maxwell electrovac equations’,
Rµν − 12 gµνR = κ
(
FµσFνσ − gµν 14 FρσF
ρσ
)
. (104)
Note that the trace of energy-momentum tensor of the electromagnetic field is null,
T = Tµµ = FµσFµσ − δµµ
1
4
FρσFρσ = FµσFµσ − FρσFρσ = 0. (105)
There is other way to write the electromagnetic energy-momentum tensor (100) in terms of dual tensor of electro-
magnetic field F˜µν. From (16), we have that
FµρFνρ − F˜µρF˜ν ρ =
1
2
gµνFστFστ,
that results in:
1
4
gµνFστFστ =
1
2
(
FµρFνρ − F˜µρF˜ν ρ
)
.
Putting the above equation in the electromagnetic energy-momentum tensor (100) we have:
Tµν =
1
2
(
FµρFνρ + F˜µρF˜ν ρ
)
. (106)
Now, let’s recall the electromagnetic self-dual vector defined in (21), where we have Fµν = Fµν + iF˜µν, and so, we get
the following expression for electromagnetic energy-momentum tensor:
Tµν =
1
2
Fµρ (Fν ρ)∗ . (107)
4.1. The Rainich conditions
When a curvature of spacetime is to be attributed to a source-free electromagnetic field, from vanished trace of
energy-momentum tensor (105), we have that Rµµ − 12δµµR = κTµµ = 0, such as:
R = 0. (108)
When this condition is satisfied, the Einstein curvature tensor on the left hand side of equation (104) reduces to the
Ricci curvature tensor itself,
Rµν =
κ
2
(
FµρFνρ + F˜µρF˜ν ρ
)
. (109)
Since in the Minkowski frame T00 = 12 (|E|2 + |B|2) is non-negative, we require that
R00 ≥ 0, (110)
or Rµνuµuν ≥ 0 for any time-like vector uµ ⇒ uµuµ = −1.
We have shown that in order for symmetric tensor Tµν to represent the energy-momentum tensor of an electromag-
netic field, it must necessarily satisfy the relation (87), where we have TµρT ρν = 14
(
I21 + I
2
2
)
δµ
ν
. Now, we can obtain
the same result to the Ricci curvature tensor. Again, from equation (16) we have that:
FµρFνρ − F˜µρF˜ν ρ =
1
2
gµνFρσFρσ,
18
and using the above equation with (109) we have the following equations system:
Rµν =
κ
2
(
FµρFνρ + F˜µρF˜ν ρ
)
κ
4
gµνFρσFρσ =
κ
2
(
FµρFνρ − F˜µρF˜ν ρ
)
.
By adding together the above equations , we have:
Rµν +
κ
4
gµνFρσFρσ = κFµρFνρ,
and by subtraction we have:
Rµν − κ4 gµνFρσF
ρσ
= κF˜µρF˜ν ρ.
By contraction of two previous equations in order to get RµνRνλ, it follows that:(
Rµν +
κ
4
gµνFρσFρσ
) (
Rνλ − κ
4
gνλFρσFρσ
)
= κ2FµρFνρF˜ν σF˜λσ
RµνRνλ − k
2
16 δµ
λ
(
FρσFρσ
)2
= κ2FµρF˜λσ(FνρF˜ν σ).
From equation (18) where we have that
FνρF˜ν σ =
1
4
δρσ(F˜τφFτφ), (111)
we have
RµνRνλ − k
2
16 δµ
λ
(
FρσFρσ
)2
=
κ2
4
FµρF˜λσ δρσ (F˜τφFτφ) = κ
2
4
FµρF˜λρ(F˜τφFτφ),
and again with (111),
RµνRνλ − k
2
16 δµ
λ
(
FρσFρσ
)2
=
κ2
16δµ
λ(F˜ρσFρσ)2,
it results in
RµνRνλ =
κ2
16 δµ
λ
[
(FρσFρσ)2 + (F˜ρσFρσ)2
]
. (112)
If we contract above equation over µ and λ, we find:
RµνRµν =
κ2
4
[
(FρσFρσ)2 + (F˜ρσFρσ)2
]
, (113)
Substituting above equation (113) into (112), we find the following condition:
RµλRλν =
1
4
δµ
ν
(
RρσRρσ
)
. (114)
Comparing the above result with (88), TµρT ρν = 14 δµν
(
TκλT κλ
)
, we can observe that both expressions have the same
algebraic relationships.
Again, we may also recall from from (40) and (42), where we have:
I1 =
1
2
FρσFρσ = |B|2 − |E|2 and I2 =
1
2
Fρσ ˜Fρσ = −2E · B.
Now, we obtain that (113) can be write as
RµνRµν = κ2
[
(|B|2 − |E|2)2 + (2E · B)2
]
= κ2
[
I21 + I
2
2
]
, (115)
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and the expression (114) is equivalent to
RµλRλν =
κ2
4
δµ
ν
(
I21 + I
2
2
)
. (116)
We have shown that in order for the Einstein-Maxwell electrovac equations the energy-momentum tensor and the
Ricci curvature tensor must necessarily satisfy the following conditions:
T = Tµµ = 0 ⇐⇒ R = Rµµ = 0
T00 ≥ 0 ⇐⇒ R00 ≥ 0
TµρT ρν =
1
4
δµ
ν
(
TκλT κλ
)
⇐⇒ RµλRλν = 14 δµ
ν
(
RρσRρσ
)
(117)
These relations are called: Rainich algebraic conditions. With these conditions, we shall see that we can re-express
the content of the Einstein-Maxwell electrovac equations in a purely geometrical form. This program was carried
out in 1925 by Rainich [2] and in 1957 rediscovered by Misner and Wheeler [3]. It has been called by Misner and
Wheeler the already unified field theory and this program was the basis of their geometrodynamics.
4.1.1. The Ricci curvature tensor under duality rotations
The Einstein-Maxwell electrovac equations from (109), where we have that
Rµν =
κ
2
(
FµρFνρ + F˜µρF˜ν ρ
)
=
κ
2
Fµρ (Fν ρ)∗ ,
is invariant under duality rotation of electromagnetic field in accordance with (68), where:
Fµν → Fµνe−iα.
It is also instructive to use transformations (71), where we have
Fµν = fµν cosα − f˜µν sinα
F˜µν = fµν sinα + f˜µν cosα,
and verify that:
FµνFνρ = fµν f νρ cos2 α + f˜µν f˜ νρ sin2 α −
(
fµν f˜ νρ + f˜µν f νρ
)
sinα cosα
and
F˜µνF˜νρ = fµν f νρ sin2 α + f˜µν f˜ νρ cos2 α +
(
fµν f˜ νρ + f˜µν f νρ
)
sinα cosα,
where the addition of two above equations results in:
FµνFνρ + F˜µνF˜νρ = fµν f νρ + f˜µν f˜ νρ.
Thus, we have that the Einstein-Maxwell system of simultaneous equations, outside the electromagnetic sources, is:
Rµν =
κ
2
(
FµρFνρ + F˜µρF˜ν ρ
)
=
κ
2
(
fµρ fνρ + f˜µρ f˜ν ρ
)
, (118)
invariant under duality rotation of electromagnetic field.
4.1.2. The Riemann curvature tensor of Einstein-Maxwell equations
The Riemann curvature tensor, can be uniquely decomposed into parts:
Rρσµν = Eρσµν +Gρσµν + Cρσµν (119)
where
Eρσµν =
1
2
(gρµS σν + gσνS ρµ − gρνS σµ − gσµS ρν),
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with
S σν = Rσν − 14gσνR,
Gρσµν =
R
12
(
gρµgσν − gρνgσµ
)
,
Cρσµν is the Weyl conformal tensor with property Cµσµν = Cσν = 0.
Because Rainich condition, R = 0 and because Weyl tensor is that part of curvature tensor such that all contractions
vanish, the relevant part of Riemann tensor (119) is
Eρσµν =
1
2
(gρµRσν + gσνRρµ − gρνRσµ − gσµRρν). (120)
The tensor Eρσµν has two pair of bivector indices, so we can introduce the notions of right dual,
E∼ρσµν =
1
2
ǫµντφEρστφ (121)
and left dual,
∼Eρσµν =
1
2
ǫρστφEτφµν. (122)
It turns out that left dual tensor and right dual tensor obey the relation:
∼Eρσµν = −E∼ρσµν. (123)
We can state that the tensor Eρσµν can be expressed as a combination of bivectors fµν and f˜ρσ, such as:
Eµνρσ =
κ
2
(
fµν fρσ + fµν f˜ρσ + f˜µν fρσ + f˜µν f˜ρσ
)
. (124)
Accordingly with (121), the right dual operation in above expression Eµνρσ, we have
E∼ρσµν =
κ
2
1
2
ǫµντφ( fρσ f τφ + fρσ f˜ τφ + f˜ρσ f τφ + f˜ρσ f˜ τφ),
we have 12 ǫµντφ f τφ = f˜µν and 12 ǫµντφ f˜ τφ = − fµν thus, the above expression results in:
E∼ρσµν =
κ
2
( fρσ f˜µν − fρσ fµν + f˜ρσ f˜µν − f˜ρσ fµν). (125)
The left dual operation results in
∼Eρσµν =
κ
2
( f˜ρσ fµν + f˜ρσ f˜µν − fρσ fµν − fρσ f˜µν). (126)
In accordance with relation (123) we have
fρσ f˜µν − fρσ fµν + f˜ρσ f˜µν − f˜ρσ fµν = −( f˜ρσ fµν + f˜ρσ f˜µν − fρσ fµν − fρσ f˜µν)
( fρσ f˜µν − f˜ρσ fµν) + ( f˜ρσ f˜µν − fρσ fµν) = ( fρσ f˜µν − f˜ρσ fµν) − ( f˜ρσ f˜µν − fρσ fµν),
that results
f˜ρσ f˜µν − fρσ fµν = 0.
Consequently we have from (125) and (126) that:
E∼ρσµν =
κ
2
( fρσ f˜µν − f˜ρσ fµν) and ∼Eρσµν = κ2 ( f˜ρσ fµν − fρσ f˜µν).
We note that one more left dual operation on ∼Eρσµν results in:
∼∼Eρσµν = − κ2( f˜ρσ f˜µν −
˜˜f ρσ fµν) = − κ2( f˜ρσ f˜µν + fρσ fµν) = −Eρσµν,
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where we recall (14), ˜˜f ρσ = − fρσ. Then the tensor Eρσµν has the form:
Eρσµν =
κ
2
(
f˜ρσ f˜µν + fρσ fµν
)
. (127)
Having determined Eρσµν, we can find Einstein-Maxwell electrovac equation by contraction of Riemann tensor
(119), where we have
Rµν = Eµν =
κ
2
(
fµρ fνρ + f˜µρ f˜ν ρ
)
(128)
In order to find the complexion, the angle α of duality rotation (69), we need some calculations. We can evaluate
covariant derivative into two equations from (69), remembering the Maxwell’s equations without sources, ∇νFµν = 0,
∇ν f µν = ∇ν(Fµν cosα + F˜µν sinα) = (−Fµν sinα + F˜µν cosα)∂να = f˜ µν∂να
∇ν f˜ µν = ∇ν(−Fµν sinα + F˜µν cosα) = (Fµν cosα + F˜µν sinα)∂να = − f µν∂να,
we can contract,
f˜ρµ∇ν f µν = f˜ρµ f˜ µν∂να
fρµ∇ν f˜ µν = − fρµ f µν∂να,
where the sum of two above equations results in:
f˜ρµ∇ν f µν + fρµ∇ν f˜ µν = −( fρµ f µν − f˜ρµ f˜ µν)∂να,
and with equation (16) we have: fρµ f νµ − f˜ρµ f˜ νµ = 12δρν fκλ f κλ, such as :
f˜ρµ∇ν f µν + fρµ∇ν f˜ µν = 12δρ
ν fκλ f κλ∂να,
and we can define the gradient ∂να = αν,
αρ = 2
(
fκλ f κλ
)−1 ( f˜ρµ∇ν f µν + fρµ∇ν f˜ µν) . (129)
In order to express the gradient ∂να in terms of geometrical quantities, we can use (127),
∇νEρσµν =
κ
2
[(
∇ν f ρσ
)
f µν + f ρσ∇ν f µν +
(
∇ν f˜ ρσ
)
f˜ µν + f˜ ρσ∇ν f˜ µν
]
,
and
E∼τµρσ =
κ
2
(
fτµ f˜ρσ − f˜τµ fρσ
)
.
Then we can contract two above equations,
(∇νEρσµν)E∼τµρσ = κ24
[(
∇ν f ρσ
)
f µν fτµ f˜ρσ −
(
∇ν f ρσ
)
f µν f˜τµ fρσ + f ρσ
(
∇ν f µν
)
fτµ f˜ρσ − f ρσ
(
∇ν f µν
)
f˜τµ fρσ
+
(
∇ν f˜ ρσ
)
f˜ µν fτµ f˜ρσ −
(
∇ν f˜ ρσ
)
f˜ µν f˜τµ fρσ + f˜ ρσ
(
∇ν f˜ µν
)
fτµ f˜ρσ − f˜ ρσ
(
∇ν f˜ µν
)
f˜τµ fρσ
]
.
Because extremal field condition, fµν f˜ µν = 0, we have from (18) that
fνρ f˜ ν σ = 14δ
ρ
σ
(
f˜µν f µν
)
= 0,
from which we find that
E∼τµρσ∇νEρσµν =
κ2
4
[
f˜ρσ
(
∇ν f ρσ
)
f µν fτµ − f ρσ fρσ f˜τµ∇ν f µν − fρσ
(
∇ν f˜ ρσ
)
f˜ µν f˜τµ + f˜ ρσ f˜ρσ fτµ∇ν f˜ µν
]
,
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with f˜ ρσ f˜ρσ = − f ρσ fρσ we have:
E∼τµρσ∇νEρσµν =
κ2
4
[
−
(
f ρσ fρσ
)(
f˜τµ∇ν f µν + fτµ∇ν f˜ µν
)
+ f˜ρσ
(
∇ν f ρσ
)
f µν fτµ − fρσ
(
∇ν f˜ ρσ
)
f˜ µν f˜τµ
]
. (130)
Observe that:
f˜ρσ∇ν f ρσ = 12 ǫρσκλ f
κλ∇ν f ρσ = f κλ∇ν
(
1
2
ǫρσκλ f ρσ
)
= f κλ∇ν
(
1
2
ǫκλρσ f ρσ
)
= f κλ∇ν f˜κλ. (131)
And from extremal field condition fµν f˜ µν = 0 we have
∇ν
(
f˜ρσ f ρσ
)
=
(
∇ν f˜ρσ
)
f ρσ + f˜ρσ∇ν f ρσ = 0,
or
f˜ρσ∇ν f ρσ = − f ρσ∇ν f˜ρσ. (132)
Adding (131) and (132), we have that:
f˜ρσ∇ν f ρσ = 0.
So, with this, the equation (130) reduces to
E∼τµρσ∇νEρσµν = −
κ2
4
(
f ρσ fρσ
)(
f˜τµ∇ν f µν + fτµ∇ν f˜ µν
)
,
and dividing by
(
f ρσ fρσ
)2
we find that
f˜τµ∇ν f µν + fτµ∇ν f˜ µν(
f ρσ fρσ
) = −4 E∼τµρσ∇νEρσµν
κ2
(
f ρσ fρσ
)2 . (133)
From expression for gradient of complexion α (129) we have:
ατ = −2
(
2
κ f ρσ fρσ
)2
E∼τµρσ∇νEρσµν. (134)
The next step is to rewrite the complexion vector ατ in terms of the Ricci curvature tensor. The contracted Ricci
curvature tensor given by (113) can be given in terms of fµν, if we use (72):
RµνRµν =
κ2
4
(
fµν f µν
)2
, (135)
in this case the complexion vector ατ is
ατ = −2
(
RρσRρσ
)−1
E∼τµρσ∇νEρσµν. (136)
The covariant derivative applied on tensor (120) is:
∇νEρσµν = 12 (g
ρµ∇νRσν + gσν∇νRρµ − gρν∇νRσµ − gσµ∇νRρν) ,
where the Einstein field equation satisfies ∇νGµν = 0, then with (108) we have ∇νRµν = 0 and consequently we have
that:
∇νEρσµν =
1
2
(∇σRρµ − ∇ρRσµ) .
Now from right dual operation on tensor Eρσµν (121), we have:
E∼τµρσ =
1
2
ǫρσκλEτµκλ =
1
4
ǫρσκλ
(
δτ
κRµλ + δµλRτκ − δτλRµκ − δµκRτλ
)
=
1
2
(
ǫρστλRµλ − ǫρσµλRτλ
)
.
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Thus we find that
E∼τµρσ∇νEρσµν =
1
2
(∇σRρµ − ∇ρRσµ) · 1
2
(
ǫρστλRµλ − ǫρσµλRτλ
)
=
1
4
ǫρστλRµλ (∇σRρµ − ∇ρRσµ)
or
E∼τµρσ∇νEρσµν =
1
2
ǫρστλRµλ∇σRρµ.
Putting this result into (136) yields the desired result
ατ =
(
RµνRµν
)−1
ǫτλρσRκλ∇ρRκσ. (137)
In the words of C.W. Misner and J.A. Wheeler [3]: “The vector ατ of (137) has a well defined existence in any Rie-
mannian space where the Ricci curvature tensor Rµν is non-null and differentiable. From such general Riemannian
spaces the geometry of the Einstein-Maxwell theory is distinguished by the circumstance that this vector is not arbi-
trary, but is the gradient of the complexion, α, of the electromagnetic field.” Consequently it follows that the curl of
ατ must vanish:
∇σατ − ∇τασ = 0. (138)
Louis Witten [4] called the above equation the Rainich, Misner, Wheeler (RMW) differential condition. If the RMW
differential condition is satisfied, we can find the complexion α from (62) by an integration
α(x) =
∫
ατdxτ + α0. (139)
Thus the complexion α(x) is completely determined by (139) up to an additive constant provided that in the region of
space under consideration Maxwell’s equations hold everywhere (no singularities), provided that the region of space
is simply connected, and provided the line of integration not include any point where RµνRµν = 0. For a multiply
connected space or one in which there are singularities the appropriate demand on ατ is that the line integral of ατ
around any closed path shall be an integral multiple of 2π,∮
ατdxτ = n 2π,
provided the line of integration does not touch any null points. This condition, plus the algebraic requirements of
Rainich:
Rµµ = 0; R00 > 0; RρτRτσ =
1
4
δρ
σRµνRµν
gives the necessary and sufficient condition that Riemannian geometry shall reproduce the physics of Einstein and
Maxwell, provided that the Ricci curvature tensor Rµν is non-null.
5. Null Electromagnetic Field
If we have
RµλRλν = 0 or TµλT λν = 0,
but the Ricci tensor which is not identically zero, then in this case we have null electromagnetic field, in accordance
with (115) where the invariants I1 and I2 are vanished, such as
|B|2 = |E|2 e E · B = 0 ⇒ E ⊥ B.
Here the value for the angle α, the complexion of electromagnetic field, becomes indeterminate, since the angle α is
evaluated from equation (65). The null electromagnetic field occurs most frequently in plane electromagnetic wave in
vacuum.
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Usually in curved spacetime, the tensors are expressed in a coordinate basis. However, for many purposes it is
more convenient to use an orthonormal basis or Minkowski reference system, where the components of the metric
tensor have the relationships with Minkowski metric given by
eα
µeβ
ν gµν = ηαβ.
The coefficients eαµ are the vierbeins that rotates the coordinate basis to an orthonormal basis. Thus, the Ricci
curvature tensor in Minkowski reference system is given by:
Rαβ = eαµeανRµν.
The Einstein-Maxwell electrovac equation (109), where Rαβ = κ Tαβ in orthonormal basis, help us to obtain the Ricci
tensor from the energy-momentum tensor Tαβ given by (83),
(Rαβ) = κ(Tαβ) = κ
( 1
2 (|E|2 + |B|2) −(E × B)
−(E × B) σi j
)
,
and make such a rotation in 3-space as will diagonalize the the 3 × 3, space-space part σi j,
(σi j) =

σxx 0 0
0 σyy 0
0 0 σzz
 .
When the electromagnetic field is null, RµλRλν = 0, in Minkowski reference system we have
ηγδRαγRβδ = 0,
then with R12 = R13 = R23 = 0, we have that:
1. for α = β = 0 results in:
− (R00)2 + (R01)2 + (R02)2 + (R03)2 = 0;
2. for α = 0 e β = 1,
− R00R01 + R01R11 = 0;
3. for α = 0 e β = 2,
− R00R02 + R02R22 = 0;
4. for α = 0 e β = 3,
− R00R03 + R03R33 = 0;
5. for α = 1 e β = 2,
− R10R02 = 0;
6. for α = 1 e β = 3,
− R10R03 = 0;
7. for α = 2 e β = 3,
− R20R03 = 0;
For to the items 5, 6 e 7 we can choose R02 = R03 = 0 with only R01 , 0. This choice, R01 , 0 results in
R00 = R11 to the equation from item 2.
8. for α = 1 e β = 1,
− (R10)2 + (R11)2 = 0 ⇒ R10 = ±R11;
9. for α = 2 e β = 2,
− (R20)2 + (R22)2 = 0,
but with above choice R20 = 0, we have R22 = 0.
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10. For α = 3 e β = 3,
− (R30)2 + (R33)2 = 0,
in the same way, with the choice R30 = 0, we have R33 = 0.
We can recall equation from item 1, where we have R00 = ±R01. The choice of sign can be the minus sign R00 = −R01.
The Rainich conditions (117) require that R00 = κT00 ≥ 0, where the energy density must be positive. Putting
R00 = κǫ2, where κ =
8πG
c4
, the Ricci curvature tensor must have the form
(Rαβ) = κ

ǫ2 −ǫ2 0 0
−ǫ2 ǫ2 0 0
0 0 0 0
0 0 0 0
 = κ ǫ2

1 −1 0 0
−1 1 0 0
0 0 0 0
0 0 0 0
 (140)
We can define a null vector:
kα = (−1, 1, 0, 0), (141)
where kαkα = k2 = 0. Therefore, the null electromagnetic field has the Ricci curvature tensor in the form:
Rαβ = κ ǫ2 kαkβ. (142)
The energy-momentum tensor of null electromagnetic field is:
Tαβ = ǫ2 kαkβ. (143)
Being covariant and true in one reference system, the decomposition (142) is valid in any reference system.
There is no Lorentz transformation that will diagonalize a null Ricci tensor (142), and consequently the energy-
momentum tensor Tαβ. Moreover, there is no Lorentz transformation that will make a null vector timelike, or paral-
lelize field vectors E and B that satisfy the null condition,
|B|2 = |E|2 e E · B = 0 ⇒ E ⊥ B.
The electromagnetic field-strength that satisfies the null condition is:
(Fαβ) =

0 0 −Ey 0
0 0 Bz 0
Ey −Bz 0 0
0 0 0 0
 with ( ˜Fαβ) =

0 0 0 −Bz
0 0 0 Ey
0 0 0 0
Bz −Ey 0 0
 . (144)
The energy-momentum tensor of electromagnetic field from (106) is
Tµν =
1
2
(
FµρFνρ + F˜µρF˜ν ρ
)
,
that results to Ricci tensor:
(Tαβ) =

|E|2 −|E|2 0 0
−|E|2 |E|2 0 0
0 0 0 0
0 0 0 0
 ,
where from null condition |E| = |B| = Ey = Bz. Comparison with (140) leads us to take |E| = ǫ, such as:
E = (0, ǫ, 0) and B = (0, 0, ǫ).
The potential 3-vector is A = (0,A, 0), where E = −∂A
∂t
and B = ∇ × A.
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Take a 4-vector Aα:
Aα = A

0
0
1
0
 = A vα, (145)
where the vector (vα) = (0, 0, 1, 0) has unit magnitude, vαvα = 1 and it stands normal to kα,
kαvα = 0. (146)
Thus, we can write the electromagnetic field-strength,
Fαβ = ǫ
(
kαvβ − kβvα
)
, (147)
where it results in (144),
(Fαβ) =

0 0 −ǫ 0
0 0 ǫ 0
ǫ −ǫ 0 0
0 0 0 0
 . (148)
We have that FαβFαβ = 0 and from (100) we have:
Tαβ = FαγFβγ − gαβ 14 FγδF
γδ
= ǫ2(kαvγ − kγvα)(kβvγ − kγvβ) = ǫ2 kαkβ. (149)
A null electromagnetic field given by (147) has only one null eigenvector kα and no other. The null electromagnetic
field given by (147) in the Minkowski frame is a null field in any other frame of reference.
We can return to Maxwell’s equations in the Lorentz gauge (103) free of sources
✷Aα − RαβAβ = 0,
where the term RαβAβ, with aid of (145) results in:
RαβAβ = κǫ2 A kαkβvβ = 0,
and we have:
✷Aα = 0.
In this situation we would expect to have solutions of Maxwell’s equations of the form of oscillating waves. The
energy-momentum tensor (143), Tαβ = ǫ2 kαkβ, may be considered as representing the incoherent superposition of
waves with random phases and polarizations but the same propagation direction.
The term of “pure radiation” is used for an energy-momentum tensor,
Tαβ = ǫ2 kαkβ with kαkα = 0, (150)
representing a situation in which all the energy is transported in one direction with the speed of light. Such tensors
(150) are also referred as null fields, null fluids and null dust. This energy-momentum tensor (150) also arises from
other types of directed massless radiation, for example, massless scalar fields, massless neutrino fields, or gravitational
waves [5, 11, 12].
6. Conclusion
The electromagnetic field-strength, Fµν, null or not, produces a Ricci curvature that satisfy the Rainich condi-
tions (117). Conversely, any Ricci curvature tensor, null or not, that satisfies the Rainich conditions (117), has a
electromagnetic field tensor, Fµν, that is unique up to a duality rotation.
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For the situation where the electromagnetic field is general, non-null, and if the differential condition (138) is
satisfied, one can find the complexion α up a additive constant by integration (139). With the complexion α one can
choose an antisymmetric tensor fµν, with condition (70), fµν f˜ µν = 0, and by duality rotation (71) one can obtain Fµν,
the antisymmetric tensor of electromagnetism, that obey Maxwell equations, ∇µF µν = 0, without sources. We have
seen if the electromagnetic field Fµν has a relationship with fµν by duality rotation (71), the Ricci curvature tensor and
the energy-momentum tensor from electromagnetic field must be invariant under duality rotation of electromagnetic
field, in accordance with (118). Then we have a way to express the vector ατ = ∂τα (the gradient of the complexion
α of the electromagnetic field) itself in terms of the Ricci curvature tensor in the form of equation (137). The vector
ατ contains the first derivative of the Ricci curvature tensor, and thus (138) involves second derivative of the Ricci
curvature. Consequently (138) contains up to the fourth order of the metric itself. This set of fourth order equations,
plus the algebraic Raincih relations (117), contains in the general case (RµρRρµ > 0) the entire content of Maxwell’s
equations for empty space plus Einstein’s field equations with the Maxwell energy-momentum tensor as source. One
set of equations of the fourth order (purely geometrical in character) takes the place of two sets of equations of the
second order. Misner and Wheeler called this resulting theoretical structure by “already unified field theory”. This
combined apparatus of gravitation theory and electromagnetism, Misner and Wheeler named “geometrodynamics”
[3].
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